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Proof theory is a central area of theoretical computer science, as it can provide
the foundations not only for logic programming and functional programming, but
also for the formal verification of software. Yet, despite the crucial role played by
formal proofs, we have no proper notion of proof identity telling us when two proofs
are “the same”. This is very different from other areas of mathematics, like group
theory, where two groups are “the same” if they are isomorphic, or topology, where
two spaces are “the same” if they are homeomorphic.

The problem is that proofs are usually presented by syntactic means, and depend-
ing on the chosen syntactic formalism, “the same” proof can look very different. In
fact, one can say that at the current state of art, proof theory is not a theory of proofs
but a theory of proof systems. This means that the first step must be to find ways
to describe proofs independent from the proof systems. In other words, we need a
“syntax-free” presentation of proofs.

Combinatorial proofs [Hug06a] form such a canonical proof presentation that (1)
comes with a polynomial correctness criterion, (2) is independent of the syntax of
proof formalisms (like sequent calculi, tableaux systems, resolution, Frege systems, or
deep inference systems), and (3) can handle cut and substitution, and their elimina-
tion [Hug06b, Str17b]. Below is an example showing how a combinatorial proof can
be extracted from a deep inference derivation [Str17a]:

c̄ ^ b ^ pa _ cq ^ pc̄ _ aq
awÒ ´́´́´́´́´́´́´́´́´́´́´́´́´́´́´

b ^ pa _ cq ^ pc̄ _ aq
acÒ ´́´́´́´́´́´́´́´́´́´́´́´́´́´́´

b ^ b ^ pa _ cq ^ pc̄ _ aq
2 ¨ s ´́´́´́´́´́´́´́´́´́´́´́´́´́´́´

b ^ b ^ pa _ pc ^ c̄q _ aq
aiÒ ´́´́´́´́´́´́´́´́´́´́´́´́´́´́´

b ^ b ^ pa _ aq
2 ¨ s ´́´́´́´́´́´́´́´́´́´́

pb ^ aq _ pb ^ aq
m ´́´́´́´́´́´́´́´́´́´́

pb _ bq ^ pa _ aq
acÓ ´́´́´́´́´́´́´́´́´́´́

pb _ bq ^ a

;

c̄ ^ b ^ pa _ cq ^ pc̄ _ aq
awÒ ´́´́´́´́´́´́´́´́´́´́´́´́´́´́´

b ^ pa _ cq ^ pc̄ _ aq
acÒ ´́´́´́´́´́´́´́´́´́´́´́´́´́´́´

b ^ b ^ pa _ cq ^ pc̄ _ aq
2 ¨ s ´́´́´́´́´́´́´́´́´́´́´́´́´́´́´

b ^ b ^ pa _ pc ^ c̄q _ aq
aiÒ ´́´́´́´́´́´́´́´́´́´́´́´́´́´́´

b ^ b ^ pa _ aq
2 ¨ s ´́´́´́´́´́´́´́´́´́´́

pb ^ aq _ pb ^ aq
m ´́´́´́´́´́´́´́´́´́´́

pb _ bq ^ pa _ aq
acÓ ´́´́´́´́´́´́´́´́´́´́

pb _ bq ^ a

;

c̄ ^ b ^ pa _ cq, c̄ _ a

‚, ‚, ‚ _ ‚, ‚ _ ‚

‚ ^ ‚, ‚ ^ ‚

pb _ bq ^ a

In a nutshell, a combinatorial proof consists of a purely linear part (depicted above
in blue/bold) and a part that corresponds to contraction and weakening (depicted
above in purple/regular). Combinatorial proofs can be composed horizontally and
vertically, and can be substituted into each other.

In this presentation, I will discuss the basic definition of combinatorial proofs,
show the differences between the classical and intuitionistic variants, and then discuss
various normalization methods.
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