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Introduction

Splitting methods. Efficient time integration of nonlinear
evolution equations by exponential operator splitting methods

Lu)=F(u®) = A(u(n) +B(u(), 0=t=<T,  u(0)given,

S
Fp(t,) = [] e®nitPa el 1-itPs & gp(t,) = e'Pr,
j=1

Up = Fr[Tn-1, Un-1) = u(ty) = Ep(tn-1, u(ty-1)), 1sn<N.
Applications.

@ Nonlinear Schrédinger equations (GPS, MCTDHF)
(\Nith W. AUZINGER & H. HOFSTATTER & O. KOCH, PH. CHARTIER &
F. MEHATS, S. DESCOMBES)

@ Parabolic equations (Ground state computation by artificial time integration)

@ Wave equations (with B. KALTENBACHER)
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Introduction

Objectives

Local error representations. Specification and inspection of local error
representations for high-order splitting methods

Lr(t,v) = Fp(t,v) - Ep(t,v) =0 (P lvip),

S
Fr(t,v) =[] e%+1-itPs elr1-itPay, ~ gn(t,v) = e'PFy.
j=1

Convergence analysis. Derivation of convergence result relies on stability
bounds and estimates for local error

N
un =t = € ([luo - u@) |+ 3 7271
n=1

Extension to full discretisations based on time-splitting pseudo-spectral
methods

leens — ulen)|| < c(|| o — u(0)||X+T§;&+M—q).

References. DESCOMBES, TH. (2010, 2012), TH. (2008, 2012)
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Introduction

Objectives

Adaptive stepsize control. Standard strategy for adaptive time stepsize
control

_ : +1 tol
Toptimal =T7-min (C(max, max (afmin, P a- err; )) .
ocal

Construction and analysis of local error estimators for higher-order
splitting methods.

@ Embedded splitting methods

@ Asymptotically correct a posteriori local error estimators

References. AUZINGER, KOcH, TH. (2012), KocH, NEUHAUSER, TH. (2013)
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Nonlinear Schrédinger equations

Nonlinear Schrodinger equations
(Gross-Pitaevskii equations)
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Nonlinear Schrodinger equations

Bose-Einstein condensation

In our laboratories temperatures are measured
in micro- or nanokelvin ... In this ultracold
world ... atoms move at a snail’s pace ... and
behave like matter waves. Interesting and
fascinating new states of quantum matter are
formed and investigated in our experiments.

(GRIMM ET AL., Innsbruck)

Bose-Einstein condensation in dilute gases. In 1925 Albert Einstein
predicted that at (very) low temperatures particles in a (dilute) gas could
all reside in the same quantum state. This peculiar gaseous state, a
Bose-Einstein condensate, was produced in the laboratory for the first
time in 1995 using the powerful laser-cooling methods developed in
recent years. These condensates exhibit quantum phenomena on a large
scale, and investigating them has become one of the most active areas of
research in contemporary physics. See PETHICK, SMITH (2002).

Physical experiments (University of Innsbruck). Realisation of ground
state and investigation of time evolution (H.-C. NAGERL, M. MARK).
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Nonlinear Schrodinger equations

Gross-Pitaevskii systems

Physical experiments. Observation of multi-component
Bose-Einstein condensates. Realisation of double species . L 3
87Rb 41K BEC at LENS, see G. THALHAMMER ET AL. (2008).

J00ym

Theoretical model. Mathematical description (of certain aspects)
by time-dependent Gross—Pitaevskii systems for ¥ : R4 x [0,00) — C/

J
70,906, 0) = (- 2o A+ V(0 +12 Y. gie Wi, B7) W (x, 1),
k=1

d
IASEDD (%wf, (x¢ = o) +xje (sin(quxg))z) I C,01%, = N,

xeRY, 0=<t<T, 1<j<].

Geometric properties (/ = 1). Preservation of particle number || Y, 1) ||i2
and energy functional

B(¥(,0) = ((- 250+ V+ bng w6, 0 w60 we,0) .
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Nonlinear Schrodinger equations

Nonlinear Schrédinger equations — Model problem

Model problem. Consider nonlinear Schrédinger
equation for v : RY x [0, T]=C:(x, )~ y(x, 1)

iedy(x,0=(-Le2A+ UW+0 ]y, o] Jwix 0,
w(x,0) given, xERd, 0<t<T,

subject to asymptotic boundary conditions.
Illustration. Solution profile |u/|2 of GPEin3D (e=w=9=1,T=3, M= 1283, tol=1075).

Ground state. Solution of special form (-, £) = e~ ! ¢ that minimises
energy functional. Useful as reliable reference solution in time integration.

Semi-classical regime. Numerical solution for smaller parameter values
0 < € << 1. Problems of similar form arise in applications from solid state
physics. See BAO, JIN, MARKOWICH (2002/03).
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Splitting methods

Splitting and spectral methods Pseudo-spectral methods

Time-splitting pseudo-spectral methods
for nonlinear Schrodinger equations
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Splitting methods
Splitting and spectral methods Pseudo-spectral methods

Space and time discretisation

Numerical simulations. Favourable behaviour of time-splitting and
pseudo-spectral methods for low-dimensional nonlinear Schrodinger
equations confirmed by numerical comparisons, see contributions by
W. BAO and collaborators.

@ Time evolution. Discretisation of model problem
ied,w(x, 1) = ( ~ LA+ U +9|p(x, 0 |2) wx, b

by pseudo-spectral method (Fourier, Sine, Hermite, Laguerre) and
adaptive splitting method (embedded splitting pairs, a posteriori
local error estimators).

@ Ground state computation (¢ = 1). Application of imaginary time
method (projection at each artificial time step)

ow(x,b) = (% AU -0ylx, t)|2) wx 1.

Adaptive splitting method (Lie-Strang pair), pseudo-spectral space
discretisation.
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Splitting methods
Splitting and spectral methods Pseudo-spectral methods

[llustrations (Ground state computation, Time evolution)

Movie. Groundstate computation and time evolution of model problem (d =2,e =1,

9 =0,10) under a harmonic potential (w = 1,2). Space discretisation by Fourier
pseudo-spectral method (x € [—8,8] x [-8,8], M =200 x 200). Artificial time integration

by 2(1) pair based on Strang and Lie splitting. Time integration by embedded 4(3) pair based
on 4th-order scheme by BLANES, MOAN (2002) (t € [0,4], tol = 10’6).

Movie
Ground state, Time Evolution, Energy, Time stepsizes (MATLAB)
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Splitting methods
Splitting and spectral methods Pseudo-spectral methods

[llustrations (Ground state computation, Time evolution)
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Splitting methods
Splitting and spectral methods Pseudo-spectral methods

Exponential operator splitting methods

Aim. For nonlinear evolution equation on Banach space X
Luw =Aun)+B(u®), 0st<T,  u(0)given,

determine approximations at time grid points 0 = fp < - < ty < T with
associated stepsizes 7,1 = t;; — #;—1 for 1 < n < N through recurrence

Up = Fp(Tn-1,Un-1) = ulty) = Ep(Tn-1, ulty—1)) = €™ Pru(t,_y).

Approach. Splitting methods rely on suitable decomposition of
right-hand side and presumption that subproblems

Lo =Avn), viy=ePrv©), 0=t=<T,
Lwm=Bw®), wt=ePPwo), 0stsT,

are solvable in accurate and efficient manner.
General form. High-order splitting methods are cast into following form
scheme with real (or complex) method coefficients (a;, b;) ;=1

S
Fr(t,) = H efs+1-j1Da gbsi1-jtDp Er(t,) = e!Dr _ ot(Da+Dp)
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Splitting methods
Splitting and spectral methods Pseudo-spectral methods

Example methods

Low-order methods. First-order Lie-Trotter splitting method and
second-order Strang splitting method
yF(t,'):etDB etD", yF(t"):e%[DAeIDB e%tDA.

Higher-order methods. Symmetric fourth-order splitting method
proposed in BLANES, MOAN (2002) and embedded third-order splitting
method (KocH, TH.) for time stepsize control.

[ ] 4 I ] bj |
1 0 1,7 0.0829844064174052
2,7 0.245298957184271 2,6 0.3963098014983680
3,6 0.604872665711080 3,5 —0.0390563049223486
45 1/2—(az + a3) 1 T—2(b) + by + b3)
L7 ] i I ] bj
1 ay 1 by
2 an 2 by
3 as 3 b3
4 a, 4 by
5 0.3752162693236828 5 0.4463374354420499
6 1.4878666594737946 6 —0.0060995324486253
7 —1.3630829287974774 7 0
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Splitting methods
Splitting and spectral methods Pseudo-spectral methods

Practical realisation (Schrodinger equations)

Spectral decomposition. Numerical solution of first subproblem
Lvwm=Av), 0=t=T, v(0) given,

involving linear differential operator A (related to Laplacian, eigenrelation
ABpy = hm B relies on spectral decomposition

v =e ) =Y vne't" By, 0st<T, vO)=) vnBn.
m m

Invariance. Numerical solution of second subproblem
Lww) =Bw®)wt)=Bwy) w(t), 0st=<T, w0 =uwp,

involving (unbounded) nonlinear multiplication operator B (related to
potential and nonlinearity) relies on pointwise multiplication

(w(®) ) = (e wy)(x) = e"BWI Py (x),  0<t<T.
Explanation. For analytical solution of d;y(x, ) = —i (V(x) +9y(x, 1) |2) w(x, t) it follows

A lw(x, 012 =0, (Wx, D wix, 0) = 2R(wx, 0 0w (x, 1) = 2R (=i (V) +0 1w (x, 01%) [y (x, 12) = 0.
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Splitting methods
Splitting and spectral methods Pseudo-spectral methods

Fourier pseudo-spectral method

Spectral decomposition. Let Q = (—ay, a1) x -+ x (—ag, az) with ap >0
(large) for 1 < ¢ < d. Fourier basis functions (%) ,,,c 7« form orthonormal
basis of L2(Q) and satisfy eigenvalue relation

YEO=D YD Fm, U= (w60 Fn) 2,
m

m[ +l)

im d
~ DT =Am Fm, Fm(x) = H \/27 ) Am = Z
/=1

2 202
nm[

Numerical approximation. Truncation of infinite sum and application of
trapezoid quadrature formula yields approximation

2uvE0=) Wm0 Fn,
m
Y (1) = fg Y0 T dx = Y 0,0 ) FnCp) -
k
Implementation. Realisation by Fast Fourier Techniques.

Spectral space discretisations. Analogous relations for Sine, Hermite,
and generalised Laguerre-Fourier Hermite pseudo-spectral methods.
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Splitting methods
Splitting and spectral methods Pseudo-spectral methods

[lustration (GPE with rotation, Time evolution)

Movie. Gross-Pitaevskii equation with additional rotation term (EXAMPLE IN BAO, LI, SHEN,
2009). Movie generated by Harald Hofstétter.

Movie (Rotating condensate)
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Quadrature formulas
Differential equations
Ilustr:

Convergence analysis

Convergence analysis
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Objective

Mein Verzicht auf das Restglied war leichtsinnig. (W. ROMBERG, 1979)

Situation. Time integration of nonlinear evolution equations by
high-order exponential operator splitting methods

Lu)=F(u®)=A(u®)+B(u®), 0=st<T,  u(0) given,

s
yF(t,') = l_[ e(ls+1—leA ehs+1—jl’DB ~ éaF(t, g = ele’
j=1
Up = FLr(Tn-1,Un-1) = ulty) :éaF(Tn—lru(tn—l)), l1<n<N.

Objective. Deduce local error representation for high-order splitting
methods that remains suitable for nonlinear evolutions equations
involving unbounded operators and critical parameters

Lr(t,v) = Fp(t,v) - Er(t,v) =0(tP* 1 vip).

Hope. Requirement sup {|u(1)lp:0<t<T}<C (ore/ [alu0)|, <0
reasonable in connection with nonlinear Schrédinger equations.
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Quadrature formulas
Differential equations
Illustrations

Convergence analysis

[llustration (Order of convergence)

Illustration. Space and time discretisation of Gross—Pitaevskii
equation (e=1,w =1,9 =1, T =1) by Fourier pseudo-spectral
method (M = 256) and different splitting methods of (nonstiff)
orders p < 4. Numerically observed orders of convergence.

A order1
o O order2
10
_ 0 order3
g o
g 1 O order4 %
§ 4 )
!
210
-8
10
~12'
10
-3 -2 -1 0
10 10 10 10
x 15 4 t time step

Numerical comparisons. Numerical comparisons (accuracy, efficiency,
long-term behaviour) of higher-order time-splitting Fourier/Hermite
pseudo-spectral methods (2D), see CALIARI, NEUHAUSER, TH. (2009).
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Derivation of local error expansions

Standard approaches.
e Expansion of exponential functions
o Baker—-Campbell-Hausdorff formula

Alternative approaches.

@ Quadrature formulas. Optimal error bounds regarding
regularity of analytical solution for evolutionary Schrédinger
equations by techniques studied in JAHNKE, LUBICH (2000),
KoCH, NEUHAUSER, TH. (2013), LUBICH (2008), and TH. (2008,
2012).

o Differential equations. Investigation of exact local error
representation for evolution equations involving critical
parameters exploited in DESCOMBES, DUMONT, LOUVET,
MASSOT (2007), DESCOMBES, SCHATZMAN (2002), and
DESCOMBES, TH. (2010, 2012).
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Baker—Campbell-Hausdorff formula

Baker-Campbell-Hausdorff formula. BCH formula implies
ele®=e0,  S(t)=K+L-1t[K L]+0(F).

Local error expansion. For exponential operator splitting methods
involving two compositions (Lie, Strang)

Fr(t,") = etS(t) =X tDy ebl tDp eaztDA ebz tDp Er(t,) = el‘(D;ﬁ—DB)

above relation yields expansion (order conditions)
Dp+Dg=S(t) = (a1 + ax) Dy + (b1 + by) D
+3t(b2(az + ar) + by (a1 — ap)) [Da, Dp| + 0 (£7),
where [Dj, Dglv=DsDgv—DgD4sv=DB(v)A(v) - A (v) Bv).

Difficulties. Justify approach for unbounded nonlinear operators?
Capture precise form of remainder to obtain optimal regularity
requirements on analytical solution? Employ alternative approaches ...

Mechthild Thalhammer (Universitit Innsbruck, Austria) Discretisations for nonlinear Schridinger equations



Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Order conditions (Lie, Strang)

Order conditions. For bounded nonlinear operators requirement
ZLr(t,) = @’(t’”“) for p = 1,2 implies (nonstiff) order conditions

amt+a=1, b1+by=1, (p=1
Q-adbi=3. (p=2)
Examples. Retain first-order Lie-Trotter splitting
s=1, ay=1, b1 =1,
§s=2, a1=0, a=1, b1=1, by=0,
and second-order Strang splitting

s=2, alz%:ag, b1=1, by=0,
0,

§s=2, ay = ap=1, bIZ%:bz.

Question. Order reduction of splitting methods when applied to
equations involving unbounded operators and critical parameters?
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Quadrature formulas
Differential equations
Ilus

Convergence analysis

Approach based on quadrature formulas
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Quadrature formulas

Approach. Alternative local error expansion
Lr(t,v) = Fp(t,v) - Ep(t,v) =0 (", |vilp)

provides optimal error estimates regarding regularity of analytical
solution for (non)linear evolutionary Schrédinger equations with
(un)bounded potentials.
o Linear equations. See also JAHNKE, LUBICH (2000),
NEUHAUSER, TH. (2009), TH. (2008).
o Nonlinear equations. See also GAUCKLER (2010), KOCH,
NEUHAUSER, TH. (2013), LUBICH (2008), TH (2012).

Main tools.
@ Variation-of-constants formula .
(Grobner—Alekseev) @ Bounds for iterated commutators
tDg @ Characterise domains of

@ Stepwise expansion of e
L unbounded operators
@ Quadrature formulas for multiple integrals
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Local error expansion (Linear equations, Strang)

Situation. Time discretisation of linear evolution equation by splitting
method involving two compositions with a; + a, =1

Fu®=Au®+Bu(r), 0<t<T,  u(0)given,
Fr(t,) = ebztB e®2tA ebl 1B omitA Ep(t,) = el(A+B)

Derivation of local error expansion. Expansion of exact solution value by
variation-of-constants formula and stepwise expansion of e‘? yields

Lr(t,)=Q L+ Qo — L +0(1,Cy, My, Mg, Mas ),

t
Q1 =t (e gem ¢ hyBe') = I =[ eh-ApenAgr,
0

QZ — %tz [b% e(l—al)tABzeal tA +2 bl sze(l—al)tABeal tA + b%BZ etA)
t prT1
=D :f f ellmMAg M- Ageladdr, dr,
0 JO

provided that | Bl x—_x < Cg, ||e’*| .y =ec’, Ce {A, B, A+ B}. Further
Taylor series expansions of integrands (commutators [A, B], [A,[A, B]]).
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Local error expansion (Linear equations, Strang)

Assumptions. Assume a; + ap = 1 and furthermore

IBlx—x=<Cp, ||e"“|y_x=eM’, Ce{ABA+B},
A, B]v| x + [[[A (4 Bl]v| x = Caa IVID .

Local error expansion. Exponential operator splitting method involving
two compositions (Strang) fulfills local error expansion

Lr(t,v) = (ebg 1B oa2tA ob11B qartA _ et(A+B)) v
= t(b1+b2—1)etABv
- Z'ZetA((dlbl + bg - %) [A,B] + % ((bl + b2)2 - 1) Bz) v
+0 (°,C3, Ma, M, Mas5, Cag, V11 p) -
Extension and application to linear Schrédinger equations. Suitable
choice X = [2(Q), D = HP(QY), My = Mp =0, see TH. (2008).

Drawback. Numerical illustrations show that approach not optimal with
respect to critical parameter (B = U/¢).
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Local error expansion (Nonlinear equations)

Result. Local error expansion of high-order splitting methods applied to
nonlinear evolution equations.

Theorem (Koch & Neuhauser & Th. 2013, Th. 2008, Th. 2012)

The defect operator of an exponential operator splitting method of
(classical) order p admits the (formal) expansion

k
Lp(t,) = Z Y g 5 Cy ] adfy (D) €4 + Ry (1,),

=1 'ueNk /=1
lpl=p-k
k # k 1
_ ¢ _
Crp = Z ax H by, G, H Lo+t +k—0+1 "
Aehy =1 =1

Remarks. Application to MCTDHF equations in electron dynamics (with
0. KocH). Local error expansion suitable for parabolic problems.
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Quadrature formulas
Differential equations
Mlustrations

Convergence analysis

Global error estimate (Full discretisations)

Discretisation. Space and time discretisation of nonlinear Schrodinger
equations by different pseudo-spectral methods (Fourier, Sine, Hermite)
and higher-order variable stepsize time-splitting methods.

Theorem (Th. 2012)

Provided that exact solution remains bounded in fractional power
space Xg defined by principal linear part for = p, the global error
estimate holds

lennm — u(tn)ll x, < C(” 1o — u(0) | . +T§1ax+M_q)-

Extension. Extension to Gross—Pitaevskii equations with additional
rotation term (with O. KOCH & H. HOFSTATTER).

Mechthild Thalhammer (Universitit Innsbruck, Austria) Discretisations for nonlinear Schridinger equations



Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Global error estimate (Full discretisations)

Theorem (Th. 2012)
Global error estimate for sufficiently smooth solutions

lunm = utn) Il x, < C(|| 1o — u(0) | . +Tf;ax+M“7).

Illustration. Discretisation of Gross-Pitaevskii equation (d =2, ¢ = w = T = 1) by different
pseudo-spectral methods (M = 256 x 256) and time-splitting methods of (nonstiff) orders

p =1,2,3,4. Dependence of global error on total number of basis functions (9 = 0, dominant
error term related to linear part, Fourier, Hermite basis function as exact reference solution,
temporal error dominates global error). Numerically observed orders of convergence in time
(9 = 1, Fourier, Sine, Hermite, smooth initial value, numerical reference solution).

[~-order 1] [-order 1] ~-order 1 [-order 1]

" = order 2 - order 2 = order 2 - order 2
B “roder3l| 0 lAorder 3 10° [|order 3| 10° [[&order 3|
order 4
Nl ha |->-order 4 ] +-order 4 —T [-e-order 4 s
N g T T A R
"
7 A T 2 o7 2

global error

global error
global error
5

’ \
5 5 ¥
\ ; /A/ 10 ; /
; ;
i v
AR RN
=
- - -
10° B 0" 107 1 0! 107 B

=

10° 10° 10° 1
total number of basis functions
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Quadrature formulas
Differential equations

Convergence analysis

Approach based on differential equations
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Differential equations

Approach. Derivation of exact local error representation for
splitting methods applied to linear and nonlinear equations
involving critical parameters, see DESCOMBES, SCHATZMAN (2002)
and DESCOMBES, TH. (2010, 2012). Similar approach utilised for
derivation of a posteriori error estimators.

Basic idea. Deduce differential equation for splitting operator

S
Fr(t,") = H gls+1-j1Da gbsi1-jtDp
j=1

closely related to differential equation for evolution operator
%5F(t,-)=(DA+DB)€F(t,-), 0<t=<T, Ep(0,-)=1.

Main tools. Variation-of-constants formula, iterated commutators.
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Exact local error representation (Linear equations, Lie)

Situation. Time integration of linear evolution equation by

first-order Lie-Trotter splitting % (f) = e!Bef4,

Derivation of exact local error representation. Consider initial
value problem for evolution operator

Lep()=(A+B)&p(1), 0=<t=<T, &p(0)=
Rewrite time derivative of splitting operator as
L S t)=BF() +ePAe' = (A+B) (1) +[e'P, Al e
and obtain initial value problem for splitting operator
%yp(t):(A'FB)yF(t)'F%(t), 0=<t=T, Fr(0) =

By variation-of-constants formula obtain representation

t
xp(r,-)zf r(t-T)R () dr, () =[e', Ale™, 0<t<T.
0
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Exact local error representation (Linear equations, Lie)

Expansion of remainder. Consider remainder
R(1) = &£ Fp(0) - (A+B) Fp(1) =[P, Al e™.
Rewrite time derivative of r (1) = [e’?, A| =e'BA— Ae'B as
Lrt)=Be'®A-ABe'®=Br(t)+(BA-AB)e'®,
which yields initial value problem for commutator
Lr=Br(+[B Ale®, 0=t=T, r(0)=0.

By variation-of-constants formula obtain representation

t
r() = [e'®, A] :[ e’[B,Ale" "Bdr, 0<t<T.
0
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Quadrature formulas
Differential equations

. Illustrations
Convergence analysis

Exact local error representation (Linear equations, Lie)

Local error representation. Above considerations imply exact
local error representation

Lr(tn-1, u(tp-1))

Tn-1 01
=f f Er(tn-1—01) €728 [B, Al e™ 728 Fr(01) ulty-1) dodo .
0 0
Provided that bound |8 (1,,—1 — 01) €728 [B, A] e 928 (o) ultn_1)l x < Cllu(tn-1lp
holds, local error estimate || £F (7;—1, u(tp—1)ll x < Crfl_l follows.

Generalisation. Generalisation of exact local error representation, see
DESCOMBES, TH. (2010, 2012).

@ High-order splitting methods for linear evolution equations.

@ Lie-Trotter splitting method for nonlinear evolution equations.
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Exact local error representation (Linear equations)

eorem (Descombes &

S bitB _aitA B
ZLp0)=[] e e4? —e“/“B):f Ep(t-T)R@)dr, t=0,
0

j=1
7 s even,
R = H eh tB a]tA H bjtB u]tA o= %
el j=1 s+1 sodd,
o-1 s—o-1 2 B
&= Z Co- it Z DU+1+]], fi(Ll,Lz,t):j[; ettll [L1,L2]e+”“1 dr,

j=0
Ck’O:ckJJr(Bk,A)+dk_1J+(Ak,B)+dk_1J+(Bk,J+(Ak,B)),
Ck,j = Ck,j—1 + I+ (A4 j) Ck, j—1) + F+ (B4 j, C, j-1)
+ %4 (By jy I+ (Ap4j,Cp j-1)), 1<k<o,0<js<o-1,
Dy = cx I (By, A) — ¢ I—(Ag, I By, A)) + dy—1 I (A, B),
Dy j =Dk, j-1 —I-(Ag—j, Dg, j—1) =~ Bk—j, Dk, j-1)
+ I (Ag—j,F~Br—j, Dg,j-1)), o+1l<ks<s, 0<j<s-o-1.

Alternative representation. Related approach exploited in the context of a posteriori local
error estimators for high-order splitting methods (with W. Auzinger, O. Koch).
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Exact local error representation (Nonlinear equations, Lie)

Theorem (Descombes & Th. 2012)

The defect operator of the first-order Lie-Trotter splitting method admits
the (formal) integral representation

t rT1
Lr(t,) = f f e’1Da g72Dp [DA,DB] e(T1=72)Dp o (t=71)DF dr,dm
0 JO

t prT1
:fofo 028p(t—11,F5(11,-) 0288(T1 — 72,84(71,"))

X [B,A](ébB(Tg,gA(Tl,'))) dr, drq, 0<str=<T.

Remark. Formal extension of linear case
t Ty
Lr(t,) :f f el T+ e(”_TZ)B[B,A] e2Bel4dr,dr,.
o Jo

Current work. Extend approach to higher-order splitting methods and
prove asymptotical correctness of a posteriori local error estimators (with
W. AUZINGER, H. HOFSTATTER, O. KOCH).
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Application (Problems with critical parameters)

Application. Error analysis of splitting methods for Schrédinger
equations involving critical parameters 0 < & << 1

ie0,y(r 0= (- 32A+ U +0ly(x 0 | yxn),
see DESCOMBES, TH. (2010, 2012).

@ High-order splitting methods for linear evolution equations.

Local error = @(Tp: ).

@ Lie-Trotter splitting method for nonlinear evolution equations.

Smooth initial value: Local error = C (%) 72,

WKB initial value: ~Local error = C(Z)7.
Remark. Difficult task to adjust time stepsize in suitable manner. Reliable

and efficient time integration of Schrédinger equations with critical
parameters based on adaptive time stepsize control.
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Illustrations (Adaptive time integration)
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[llustration

Model problem. Nonlinear Schrédinger equation for
YiRIx[0,T] = C: (x, 1) — w(x, t)

isaﬂ//(x,t)z(_%£2A+U(x)+19|1//(x,t)|2)1//(x,t),
W (x,0) = po(x) €™ given, xeR4, 0<t<T,

involving critical parameter 0 < € << 1 under harmonic potential
(scaling w) and WKB initial condition

po(x):e_xz, oo(x) =—In(e*+e7¥), XER,

see also BAO, JIN, MARKOWICH (2003).
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[llustrations (Smaller parameter, Solution behaviour)

Movie. Space and time discretisation of model problem (d =1, € = 10’2, w=1,9=1) by
Fourier pseudo-spectral method and embedded 4(3) time-splitting pair based on 4th-order
scheme by BLANES, MOAN (2002) (x € [-8,8], M =8192, t€[0,3], tol = 1076, N =2178).

Movie (Smaller parameter, Solution behaviour)
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[llustration (Smaller parameter, Reliable time integration)

Integration without preparation is frustration. (REVEREND LEON SULLIVAN)

Situation. Time integration of model problem (9 = 1) by splitting
methods with constant time stepsizes.

Tllustration. Model problem with £ = 1072 and w = 1 (columns 1 and 2) or @ = 2 (columns 3

and 4), respectively. Comparison of the solution profiles |y (x, t) |2 for x € [0,1.5] at time £ =3,
computed by the first-order Lie-Trotter (p = 1) and a fourth-order splitting method proposed
by BLANES & MOAN (p = 4). Time stepsize h = £/20 (columns 1 and 3) or h = /50 (columns 2
and 4), respectively, for p = 1. Time stepsize h = £/20 for p = 4.

08 08 08 1 o8
06 06 06 ) 1 06
I
04p 04 04 A’A\" ’\ 1 04
Wity W A
02fv I Y 0.2 0.2 Iy : P 0.2
L \Vw\l \UA\/\ i ‘\ V\\; Wd i .)\l
RNV PEVA/N ¥ R . . o WA .
0 05 1 15 0 05 1 15 0 0.5 1 15 0 05 1 15
X X X X
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[llustration (Smaller parameter, Reliable time integration)

Integration without preparation is frustration. (REVEREND LEON SULLIVAN)

Movie. Time integration of model problem (d=1, &= 10_2, w =2, 9 =1) under WKB initial
condition by Fourier pseudo-spectral method and embedded 4(3) splitting pair based on
4th-order time-splitting scheme by BLANES, MOAN (2002) (x € [-8,8], M = 8192, t € [0,3]).
Solution profile |y (x, £)|? for tol = 1071,1072,1073,107% (W = 951, 2342, 2452, 3560).

Movie (Smaller parameter, Reliable time integration)

Mechthild Thalhammer (Universitit Innsbruck, Austria) Discretisations for nonlinear Schridinger equations



Quadrature formulas
Differential equations
Illustrations

Convergence analysis

[llustration (Smaller parameter, Reliable time integration)

Further illustrations. Time integration of model equation (d = € = 1, w =5) by the
embedded 4(3) pair (tol = 10719). Solution profiles Ry for (x,t) € [0,1.5] x [Ty, T] and
associated time stepsizes. Left: Additional lattice potential with x = 10 and defocusing
nonlinearity with 9 = 1 for ¢ € [0,10]. Middle: Focusing nonlinearity with 9 = —10 for ¢ € [0, 1].
Right: Defocusing nonlinearity with 9 = 1 and sharp initial Gaussian with y = 4 for ¢ € [0, 10].

x
16.2679

1.1439 7.6453

time step
time step
time step

0.87 0.7989 35993
1 10247 1 7044 1 11625

step number

step number step number
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Conclusions and future work

Conclusions.

@ Theoretical analysis of discretisations for model problems provides
insight in regard to more complex applications.

@ Adaptivity in time essential for reliable numerical simulations.

Future work.

@ Asymptotical correctness of higher-order a posteriori local error estimators for
nonlinear Schrodinger equations.

@ Convergence analysis of higher-order time-splitting pseudo-spectral methods for
nonlinear Schrédinger equations involving small parameters iu' = Au+ %B(u).

@ Convergence analysis of multi-revolution compositon methods combined with
time-splitting pseudo-spectral methods for Schrédinger equations iu' = %Au + B(u).

Thank you!
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Lecture note. Time-splitting spectral methods for nonlinear Schrodinger equations.
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